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A Monte Carlo code has been developed to simulate ~ndi~dual electron interactions. The code has been instrumental in 
determining the range of validity for the widely used condensed history method. This task was accomplished by isolating and testing 
the condensed history assumptions. The results show that the condensed history method fails for low energy electron transport due 
to inaccuracies in energy loss and spatial positioning. 
The condensed history Monte Carlo methodology 
[l] is widely acknowledged to be inadequate for the 
simulation of low energy electron transport, especially 
in materials of high atomic number. A number of 
restrictive assumptions about electron scattering char- 
acteristics are necessary to make possible an analytical 
solution to the in~nite-medium transport equation. 
Distributions describing electron characteristics after 
multiple collisions (multi-scatter distributions) are con- 
structed from such solutions and serve as the heart of 
condensed history codes. In this paper a two-level 
approach is taken to quantify the errors inherent in the 
condensed history approach. First, conventional, con- 
densed history multiscattering distributions in energy 
and angle are compared directly with analogous distri- 
butions generated with a single-scatter Monte Carlo 
code. This recently developed code directly simulates 
individual electron interactions. Such a comparison is, 
in essence, a numerical experiment once the validity of 
the single scatter code is accepted. Second, in the 
condensed history code, the conventional distributions 
are replaced by distributions constructed via a single- 
scatter Monte Carlo simulation. Experimentaily verifi- 
* This work was performed under the auspices of the U.S. 
Department of Energy by Lawrence Livermore National 
Laboratory under contract No. W-740%Eng-48. 
Correspondence to: J. Rathkopf, Lawrence Livermore Na- 
tional Laboratory, University of California, P.O. Box 808 
Livermore, CA 94.550, USA. 
able quantities such as backscatter coefficients were 
calculated by the condensed history code using each 
set of distributions. We have identified three sources of 
error in the condensed history method; inaccuracies 
arise from the use of 
(1) multiscatter angular deflection theory, 
(2) multiscatter energy loss theory, and 
(3) the straight flight path approximation. 
It will be shown that correcting errors in the energy 
loss theory offers the greatest improvement over the 
condensed history method. Although the energy loss 
theory used in conventional condensed history calcula- 
tions preserves the correct mean energy loss, the distri- 
butions about the mean are vastly different than single 
scatter results. 
The following section describes and validates the 
single scatter Monte Carlo code. Sections 3 and 4 
describe each level of the comparison approach al- 
luded to above. Section 5 provides some discussion of 
the conditions under which condensed history fails and 
briefly describes a new method, the Response History 
Monte Carlo Method [2], that is a candidate to supple- 
ment condensed history calculations for low energies. 
This new method inspired the substitution of distribu- 
tions described in section 4. 
2. Single-scatter Monte Carlo 
Simulating individual electron scattering events us- 
ing the Monte Carlo method is computationally inten- 
sive due to the extremely large cross sections for 
0168-583X/92/$05.~ 0 1992 - Elsevier Science Publishers B.V. All rights reserved 
20 C. T. Ballinger et al. / Transport of low energy electrons 
Coulombic interactions. Electron cross sections are 
frequently five orders of magnitude larger than for 
photons of the same energy. Despite its computational 
shortcomings, single scatter (analog) Monte Carlo 
proves to be a very useful tool for testing the validity of 
the approximations used in condensed history. The 
code used in this study was developed at the Lawrence 
Livermore National Laboratory to utilize the recently 
developed cross section data base [3-51. The data base 
includes information about impact ionizations, 
bremsstrahlung, and elastic scattering interactions for 
elements with atomic number ranging from 1 through 
100 and energies from 10 eV to 100 GeV. Most previ- 
ous attempts to perform single-scatter Monte Carlo 
relied heavily on the continuous slowing down approxi- 
mation (CSDA) for describing electron energy loss. 
The new cross section data base includes energy loss 
information for individual bremsstrahlung and impact 
ionization events which greatly reduces the depen- 
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Fig. 1. Backscattered energy spectrum for 10 keV electrons 
normally incident upon thick aluminum. 
Cross sections are tabulated at various energies for 
elastic scatter, impact ionization, and bremsstrahlung 
interactions. Probability distributions functions (PDFs) 
describe elastic scattering angles for individual colli- 
sions. Mott’s [6] elastic scattering cross sections are 
used for energies above 256 keV while Riley [7] data is 
used for lower energies. The Mott and Riley data were 
extrapolated to encompass energies between 10 eV 
and 100 GeV. The differential elastic scattering cross 
section includes scattering events with cosine between 
0.999999 and - 1 which results in an accurate repre- 
sentation of individual collisions. Energy loss PDFs are 
tabulated for bremsstrahlung and impact ionization 
events. Impact ionization data is given for every shell of 
the ground state target atom. Energy loss interactions 
greater than 10 eV are included in the differential 
bremsstrahlung and impact ionization data. 
A restricted stopping power is used to determine 
the energy loss associated with excitation. This is ac- 
complished by subtracting the ionization component 
from the total collisional stopping power. Data by 
Ashley et al. [8] is used for collisional stopping powers 
below 10 keV while the U.S. National Bureau of Stan- 
dards data [9] is used for higher energies. Energy loss 
by impact ionization is the dominant energy loss mech- 
anism for keV-range electrons so applying the CSDA 
to the excitation component should not impact the 
accuracy of the results. Energy loss straggling in the 
analog Monte Carlo code is accounted for explicitly by 
considering individual impact ionization and brems- 
strahlung interactions. 
terials. Analog Monte Carlo calculations for transport 
in gold and aluminum were compared to experimental 
measurements to provide benchmarking. A cut-off en- 
ergy of 1 keV was established for all the Monte Carlo 
comparisons since condensed history codes typically do 
not track electrons below this energy. The differential 
backscatter energy spectrum for 10 keV normally inci- 
dent electrons on thick aluminum is shown in fig. 1. 
Backscatter calculations are an excellent test for the 
analog Monte Carlo code since condensed history codes 
have historically had difficulties with this type of prob- 
lem. The analog code compares well with the measure- 
ment by Darlington et al. [lo] and Kanter et al. [ll]. 
Similarly, good agreement is shown in fig. 2 for 20 keV 
electrons normally incident on a thick gold target. The 
analog code works well for both high and low atomic 
number materials. As expected, condensed history re- 
sults disagreed with the analog Monte Carlo and exper- 
imental results for these low energy backscatter prob- 
lems so they were not included in the comparisons thus 
far. 
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2.1. Analog code benchmarking 
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A wealth of experimental data exists for monoener- Fig. 2. Backscattered energy spectrum for 20 keV electrons 
getic electron beams normally incident on various ma- normally incident upon thick gold. 
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The condensed history method works well for higher 
energies as demonstrated by the transmitted energy 
spectrum for 1 MeV electrons exiting through a 0.15 
g/cm2 gold foil as shown in fig. 3. Results from the 
analog Monte Carlo code nearly reproduce the experi- 
mental values by Rester et al. [12] and are in concur- 
rence with the condensed history codes, ETRAN and 
MCNP4 [13]. The ETRAN data was taken from the 
Rester article while MCNP4 (a new version of MCNP 
for neutron, photon, and electron transport) calcula- 
tions were performed by the authors. The transmitted 
fraction calculated in the analog code for this problem 
was 0.379 k 1.9% which compares well with the 0.37 
transmitted fraction predicted by both ETRAN and 
MCNP4. The experiment by Rester et al. quotes 0.43 
as the transmitted fraction. The difference between the 
analog results and the experimental measurements is 
at least partially attributable to the lack of photon- 
electron coupling in the analog code. This difference 
will be reduced as energy decreases for bremsstrahlung 
energy loss is more prevalent for high energy electrons. 
Backscatter calculations are interesting since they 
are especially difficult for condensed history calcula- 
tions to reproduce. Backscatter percentages, as func- 
tions of energy, for electrons normally incident on gold 
and aluminum are shown in figs. 4 and 5 respectively. 
These figures reveal the energy range of validity for the 
condensed history codes, SANDYL [14] and MCNP4. 
The excellent agreement between the analog Monte 
Carlo code and experimental values by Neubert et al. 
[15] and Darlington et al. shows that the analog Monte 
Carlo code is performing correctly. The condensed 
history methodology underestimates the backscatter 
percentage for energies below approximately 30 keV in 
aluminum and below 80 keV in gold. Several other 
comparisons, not shown here, for different energies 
!l 
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Fig. 3. Transmitted energy spectrum for 1 MeV electrons 
normally incident upon 0.15 g/cm2 of gold. 
indicate that integrated and differential quantities 
measured experimentally are reproducible with the 
analog Monte Carlo code. 
3. Evaluation of multiscattering distributions 
The condensed history method was developed to 
approximate the cumulative effect of many collisions 
for high energy electrons. The cornerstone for the 
condensed history method is the assumption that the 
electron energy and direction can be updated by sam- 
pling from PDFs representing electron characteristics 
after a certain path-length has been traveled. Different 
theories exist for approximating the electron state after 
traveling a certain path-length and suffering multiple 
collisions. These multiscatter PDFs require assump- 
tions about the electron scattering angle, energy loss, 
and spatial diffusion. These restrictive assumptions 
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Fig. 4. Backscatter percentage for electrons normally incident on thick gold. 
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Fig. 5. Backscatter percentage for electrons normally incident on thick aluminum. 
prove to be the downfall of the condensed history 
method for low energy electrons. 
The multiscatter PDFs are calculated for a set of 
particular energies, Ej, before the electron simulation 
commences. The energy spacing is determined by as- 
signing a number of energy steps, N, for the electron 
to lose half its initial energy, Einit, 
(1) 
The average distance, ri, traveled by an electron be- 
tween Ei and E,+l is calculated using the CSDA, 
r, = (2) 
The energy step is further divided into a number of 
substeps, N,,, such that the substep distance equals 
ri/Nss. 
Multiscatter distributions are constructed to give 
the angular distribution of electrons that have traveled 
the substep distance. Ideally, the substeps are chosen 
small enough so that the actual trajectory of the elec- 
tron can be replaced by a straight line segment. The 
deviation of the electron path from this straight line 
becomes substantial for certain energies which causes 
erroneous results in the condensed history calculation. 
The number of collisions encountered by electrons 
while traveling an MCNP4 default substep size are 
given in table 1. For low enough energies, the number 
of collisions decreases to one or less which invalidates 
the multiple scattering assumption required for the 
derivation of some multiscatter distributions. Although 
in theory the Goudsmit-Saudersen multiscatter distri- 
bution [16] described in the following section is valid 
even for single collisions, such accuracy requires hun- 
dreds of Legendre expansion terms. The higher order 
terms pose numerical problems. The Moligre distribu- 
tion [17], another analytical multiscatter distribution, is 
generally considered invalid for less than 20 collisions. 
Table 1 
Average number of collisions after traveling an MCNP4 default substep distance 
Energy Aluminium Gold 
(keV)- Elastic Ionization Substep Elastic Ionization Substep 
(cm) (cm) 
1 1.41 0.529 9.187x lOWE 1.02 0.641 
2 1.95 0.685 2.725 x lo-’ 1.11 0.595 
4 2.98 0.960 8.629~ lo-’ 1.52 0.632 
8 4.79 1.51 2.834~ 1O-6 2.24 0.821 
16 8.01 2.55 9.482~ 10W6 4.15 1.16 
32 13.72 4.08 3.170x 10-s 7.90 1.86 
64 23.78 8.09 1.034x 1o-4 15.32 3.10 
128 42.77 14.84 3.180x 1O-4 29.22 5.45 
256 68.56 25.09 7.824~ 1O-4 48.39 8.80 
2.821 x 1O-8 
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Fig. 6. Multiscatter angle distributions for 256 keV electrons Fig. &3. Multiscatter angle distributions for 128 keV electrons 
after a path-length of 6.22~ IO-’ cm in gold. after a path-length of 3.18~ 10P4 cm in aluminum. 
3.1. Multiscatter angle d~trib~t~on~ 
Goudsmit and Saunderson developed a formulation 
for approximating the angle distributions for multiscat- 
tered electrons. These distributions are based on the 
number of collisions that occur and the average scatter- 
ing angle per collision. The average scattering distribu- 
tion for individual elastic collisions is described by a 
Legendre expansion,’ P&OS 6,). The addition theorem 
for spherical harmonics is invoked to determine the 
Legendre coefficients for electrons that have encoun- 
tered n collisions by assuming azimuthal symmetry for 
each scattering event. The final Legendre expansion 
coefficients, G,, for the multiscatter angle distribution 




The normalized nth collided flux, am, is given in 
terms of the actual path-length traveled, d, rather than 
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Fig. 7. Multiscatter angle distributions for 64 keV electrons Fig. 9, Multiscatter angle distributions for 32 keV electrons 
after a path-length of 8.91 x 10e6 cm in gold. after a path-length of 3.17~ 10e5 cm in aluminum. 
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the spatial position. This flux, the probability of under- 
going n collisions after traveling a path-length, d, is 




A multiscatter angle distribution is constructed from 
the Legendre moments, G,, in the usual way. 
Goudsmit-Saunderson distributions used in MC- 
NP4 were compared to equivalent distributions calcu- 
lated using the analog Monte Carlo code. The multi- 
scatter angle distributions for electrons with energies 
of 256 keV and 64 keV traveling through gold are 
shown in figs. 6 and 7, respectively. Similar distribu- 
tions were obtained in aluminum as shown in figs. 8 
and 9 for energies of 128 keV and 32 keV, respectively. 
Because electron scattering in gold is less forwardly 
peaked than in aluminum, the Goudsmit-Saunderson 
angular distribution is more accurate for gold. This 
superior accuracy reveals itsetf in the better agreement 
with the analog Monte Carlo results in figs. 6 and 7. 
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Fig. 10. Multiscatter energy distributions for 256 keV elec- Fig. 12. Multiscatter energy distributions for 512 keV elec- 
trons after a path-length of 7.82 X 1O-4 cm in aluminum. trons after a path-length of 1.46 X 10m4 cm in gold. 
3.2. Multiscatter energy distributions 
The simplest energy loss formulation is given by the 
continuous slowing down approximation; the correct 
average energy loss is preserved but details about the 
random individual interactions are lost. Multi-scatter 
energy distributions (energy straggling distributions) 
were developed to account for the statistical nature of 
the energy loss for inelastic collisions. The multiscat- 
terer energy distribution, developed by Landau [18] 
with correction by Blunck and Leisegang [19], is typi- 
cally used in condensed history codes. Unlike Goudsmit 
and Saunderson’s angular treatment, Landau’s formu- 
lation is restricted to multiscattered electrons. The 
energy distributions represent electron travel over a 
full energy step instead of a substep to ensure that 
electrons undergo multiple collisions. The energy loss 
distribution for the substep distance is calculated by 
dividing the energy loss by the number of substeps. 
This normalization assumes that the shape of the dis- 
tribution remains constant with distance, an assump- 
1 .o - 
0.8 - 
> 
: 0.6 - 
z 
0.4 - 
- Analog MC 
- Blunck-Leisegang 
0 1 2 3 4 5 6 
Energy Loss (keV) 
Fig. 11. Multiscatter energy distributions for 64 keV electrons 
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tion which is obviously not true since low energy elec- 
trons lose a larger fraction of their energy in single 
collisions than higher energy electrons. The exponen- 
tial increase in the stopping power with decreasing 
energy supports this assertion 
Multiscatter energy distributions from MCNP4 are 
compared to distributions generated by the analog 
Monte Carlo code for electrons that travel a path-length 
equal to the substep. Results for electrons in aluminum 
with energies of 256 keV and 64 keV are shown in figs. 
10 and 11, respectively. Blunck-Leisegang theory dis- 
agreed with the analog Monte Carlo predictions. The 
theoretical treatment compared even worse with ana- 
log Monte Carlo for electrons in gold as seen in figs. 12 
and 13 for electrons with energies of 512 keV and 32 
keV respectively. The distributions by Blunck and 
Leisegang are always wider and peak at a higher en- 
ergy loss than the analog Monte Carlo results. The 
analog Monte Carlo distributions have long, low proba- 
bility tails for large energy losses yet the average values 
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Fig. 13. Multiscatter energy distributions for 32 keV electrons 
after a path-length of 2.87 x 1Omh cm in gold. 
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Fig. 14. Multiscatter energy distributions for 64 keV electrons 
after a path-length of 5.17X 1O-4 cm, an energy step, in alu- 
minum. 
predictions except for the 32 keV electrons in fig. 13. 
This is due to the large percentage of electrons that 
have escaped without an interaction since the CSDA is 
based on the average energy loss for coliided particles. 
These comparisons were performed over default 
substep sizes used in MCNP4. Blunck-~isegang dis- 
tributions were derived for full energy step sizes then 
normalized to substeps distances. The above compar- 
isons reveal the inaccuracies in the distributions as 
they are implemented in the condensed history code. 
Additional comparisons were made for energy loss 
distributions over a full energy step. Blunck-Leisegang 
and Monte Carlo energy distributions show better 
agreement over a full energy step than they did over a 
substep as seen in figs. 14 and 15. Blunck and 
Leisegang’s theory is inapplicable for low energy elec- 
trons, especially in high Z materials. Not only are 
there inaccuracies with the Blunck-Leisegang theory 
but the substep normalization process is in error. 
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Fig. 15. Multiscatter energy distribution for 32 keV electrons 
after a path-length of 3.73 x 10m5 cm, an energy step, in gold. 
4. Replacement of the multiscatter distributions 
Many analytical and empirical corrections can be 
made to condensed history through changes in the 
multiscatter distributions to improve the results for low 
energy problems. It is not clear whether the altered 
multiscatter distributions constitute a real improve- 
ment or simply an artifact from error cancelation. The 
previous comparisons show the error in the theoreti- 
cally generated energy and direction PDFs. It is diffi- 
cult to determine the impact that the deviation has on 
the final transport results by simple ~mparing the 
PDFs. As a means of evaluating this impact, the muiti- 
scattering PDFs used in the condensed history code 
MCNP4 were replaced with multiscatter distributions 
generated by the single-scatter Monte Carlo code. The 
results obtained represent the best a condensed history 
type method can achieve since the distributions are 
exact to within statistical fluctuations of the analog 
Monte Carlo calculation. 
The modified version of MCNP4 samples from these 
new PDFs for angle and energy (thus the name 
MCNP4AE). The analog generated PDFs were con- 
structed by tracking 1~000 electron histories and 
recording the energy and direction after traveling a 
distance equal to an MCNP4 default substep size. 
MCNP4AE results are relatively unchanged from 
MCNP4 calculations for backscatter calculations in 
aluminum (fig. 16). Results where the energy loss was 
calculated by the CSDA in the two codes (MCNP4 and 
MCNP4AE), shown in fig. 17, further isolate the 
changes induced by using replacement PDFs. The close 
agreement in these comparisons shows that the energy 
and angle distributions used in condensed history for 
aluminum agree fairly well with analog distributions. 
Similar analysis was performed for transport through 
gold with a much different outcome as seen in figs. 18 
and 19. The close agreement between MCNP4 and 
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Fig. 16. Backscatter as a function of energy using the energy 
loss distributions in aluminum. 
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Fig. 17. Backscatter as a function of energy using the CSDA 
for energy loss in aluminum. 
MCNP4AE when the CSDA was used for the energy 
loss suggest that the energy treatment rather than the 
angular distributions are incorrect. Backscatter results 
were dramatically improved for energies below 100 
keV in gold when both the analog generated angle and 
energy distributions were used. 
5. Discussion 
Of the three modes of failure mentioned in section 
1, inaccuracies in the multiscatter energy loss distribu- 
tions impacts the condensed history results most signif- 
icantly. The results reveal that Blunck-Leisegang dis- 
tributions are unsatisfactory even though they preserve 
the correct average energy loss. Agreement with exper- 
iment improved when the conventional energy loss 
straggling PDFs were replaced by PDFs generated 
from analog Monte Car10 especially for transport in 
gotd below 100 keV. The backscatter coefficient re- 
mained reiativefy unchanged in aluminum with these 
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Fig. 18. Backscatter as a function of energy using the energy 
loss distributions in gold. 
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Fig. 19. Backscatter as a function of energy using the CSDA 
for energy loss in gold. 
replacements. The Blunck-Leisegang straggling distri- 
butions are biased towards higher energy loss per sub- 
step which results in an under-prediction of the 
backscatter percentage. 
The multiscatter angle costributions as given by 
Goudsmit and Saunderson’s theory agree fairly closely 
with distributions generated via analog Monte Carlo. 
Insignificant differences were found when MCNP4 was 
compared to MCNP4AE using the CSDA for energy 
loss. This comparison isolated the multiscatter angle 
distribution by holding all other variables constant and 
proved that even the “correct” angle distributions will 
not give better results. 
Even with the correct angle and energy distribu- 
tions, the condensed history method does not faithfully 
reproduce the analog Monte Carlo results. This differ- 
ence is attributable to the straight-line approximation 
used in condensed history. Even with the addition of 
path-length and lateral displacement corrections sug- 
gested by Berger [l], results were not always improved. 
A new method, Response History Monte Carlo 
- Darlington et al. 
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Fig. 20. Backscatter as a function of incident energy for 
normally incident electrons on thick aluminum. 
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Fig. 21. Backscatter as a function of incident energy for 
normally incident electrons on thick gold. 
(RHMC) [20], has been developed to correct for the 
trajectory butchering done in condensed history codes. 
This method shows closer agreement with analog 
Monte Carlo (figs. 20 and 21). The RHMC method 
uses distributions representing multiscattered electrons 
to step through a material with an additional spatial 
PDF to account for the electron position at the end of 
the substep. Energy and angle distributions are cou- 
pled with position to give a more accurate description 
of the electron trajectory in a calculation. Single-scatter 
Monte Carlo results have been reproduced in a frac- 
tion of the computational time using this more detailed 
treatment of the electron trajectory. 
To extend the validity of the condensed history 
method, improvements must be made in 
(1) the energy loss straggling distributions, and 
(2) corrections to the straight-line approximation. 
Substantially better results were observed in gold by 
replacing the conventional energy loss PDFs with more 
accurate PDFs generated by a single-scatter Monte 
Carlo code. Calculations for transport in aluminum 
showed little change using the analog generated PDFs. 
Results were improved in both materials using the 
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